Using the representation introduced in our another paper [1] , an artificial game in quantized quantum strategy space is proposed and studied. Although it has wellknown classical correspondence, the equilibrium state of this quantized quantum game is an entangled state of the two players. It partially shows the independent meaning of the new representation.
Introduction -Recently, we proposed a new mathematical representation for Classical and Quantum Game Theory. The idea is to define base vectors in strategy space and their inner product so as to form them as a Hilbert space. Then a system state is a vector in the direct product space of all single player's state space. A density matrix is used to describe a system state in this space. And then the payoff functions are reexpressed as operators acting on this system Hilbert space. Every player has a payoff matrix, which is a (1, 1)-tensor no matter how many players and how many base strategies the game has. It provides a new representation. In that paper, many open questions were pointed out. One of them is the meaning of an entangled strategy, which will happen when the direct product relation between system density matrix and single player's density matrix is destroyed. In this paper, we try to answer this question by one example.
The new representation -First, let's shortly review the new representation, which we have to use it here over and over. A game is defined as Γ = 
in which S i,q has base vectors s 
The payoff value of player i under one system state ρ s is
A reduced payoff matrix of player i, which player i uses as a evaluation of all his own strategies under the fixed strategies of all other players, is defined as
where T r i (·) means to do the trace in the space except the one of player i. Or equivalently, it can be defined for every element as
The later one is much easier to understand and easier to use, but not a matrix form so that not good in general proof. An equilibrium state is defined
This definition uses the same idea as Nash Equilibrium, but has independent meaning. First because the density matrix form allows more strategies than the traditional mixture strategy, and second because ρ s eq might be an entangled strategy state, which destroys equ(2), while this is not allowed in both classical and quantum game. When such an entangled state is allowed, we need to adjust a little of equ(6), because at that case, ρ j eq is not pre-defined. Here we try to define them as reduced density matrix,
Then the equilibrium state is redefined as
Or an alternative definition,
in which T r i (·) means to do the trace in player i's strategy space. It should be noticed that when equ(2) holds, the new definition both equ(8) and equ(9) are equivalent with equ(6). A special case of the above two definitions is
Although is not always possible to find such a state ρ s eq , in this paper, we will 'produce' a game to make use of this. Later on, we name such equilibrium as Global Equilibrium State (GES).
The artificial game -Now we define our 2-player game on base vector set {|B , |S }, which means Box and Show respectively. We use them as base vectors for both classical and quantum game. So the base vectors of system space is {|BB , |BS , |SB , |SS }. An arbitrary system state can be
where µ, ν is anyone of the base vectors. Now we turn to define the payoff matrix,
After given the definition in the new representation, here we also give the definition in the framework of traditional quantum game, which uses the concepts of strategy according to [2] . The quantum object is still chosen as spin, which has base state vector |U and |D . In matrix form, we denote them as (1, 0) T and (0, 1) T . We choose
as our pure strategies, which according to [1] , are also the base vector in the Hilbert space of quantum strategy. So a general quantum strategy (operator) has the form,
If we also require it's a unitary operator, then A † A = I, then x and y are not independent. The general form is
The initial state of the quantum object is chosen as
Then in this framework, the payoff is defined as
which is quite similar with the quantum penny flip game, and hereT r is still the antiTrace, the difference between first element (ρ 11 ) and the last element (ρ 22 ). Using the transformation procedure proposed in [1] , we can find that the (1, 1)-tensor payoff function of this game is just the artificial game defined by equ(12).
The classical solution and classical correspondence -First, we study this game in classical strategy space, which has the general state as
And before beginning to discuss the general mixture states, we try the special cases first that when p i b = 1 or p i b = 0. At first, calculate player 1's choice when p 2 b = 1. From equ(4), the reduced payoff matrix when player 2 chooses Box is
Therefor, when ǫ 1 > ǫ 2 , player 1 will choose Box, otherwise, Show. Second, calculate player 1's choice when when player 2 chooses Show. The reduced payoff matrix is
Then player 1 choose Show when ǫ 1 > ǫ 2 , and Box ǫ 1 < ǫ 2 . Because H 2 = H 1 , the same results can be calculated out when player 1's strategy is fixed. Taking a look at the result when ǫ 1 > ǫ 2 , we find players prefer to staying together whatever the choice is. And when ǫ 1 < ǫ 2 , players prefer to enjoying alone whatever the choice is. So the classical correspondence of this artificial game is similar with Battle of Sex (ǫ 1 > ǫ 2 ) and Hawk-Dove (ǫ 1 < ǫ 2 ). The classical payoff matrix is
The solution for a general mixture strategy can be solved by the pseudo-dynamical way introduced by [1] . The general reduced payoff matrix are
and
(22) So the iteration equation given by the pseudo-dynamical equation is
The fixed points of this iteration is shown in fig(1 Figure 1: 0.5 is always the unstable fixed point no matter whether δ = ǫ 1 −ǫ 2 is positive or not. There are other stable fixed points depending on β and δ. In traditional case [1] , under infinite resolution level (β = ∞), the fixed points are (0, 0) and (1, 1) when δ > 0 and (0, 1) and (1, 0) when δ < 0. Initial strategy determines which one will be the end state. For example, when δ > 0, if p i,0 b > 0.5, the system will converge onto (1, 1). However, when δ < 0, although we have fixed points (0, 1) and (1, 0), the iteration process gives the end state is a jump between those two points. Every iteration step turns from top-left side into right-down side. This behavior is different with the case of δ > 0. When δ > 0, a nature cooperative end result will appear whatever initial condition. In some sense, this process can be regarded as evolutionary game. So our pseudo-dynamics process will have a good meaning. The function plotted here is
to simplify our discussion, unlike in classical game we deal with both cases of ǫ 1 > ǫ 2 and ǫ 1 < ǫ 2 , here we only focus on the former. A general state of player i is
Then the reduced payoff matrix when player 2 chooses U 2 θ 2 is
When ǫ 1 > ǫ 2 the eigen-state with maximum eigenvalue is
Compared with equ(24), we know
On the other hand, if we solve the inverse question that the solution of player 2 when player 1's strategy is fixed at U 1 θ 1 , we can get
The combination of equ(27) and equ(28), the equilibrium state of this game in quantum strategy space is
The case when ǫ 1 < ǫ 2 can be discussed similarly. Discussion this game in the expanded quantum strategy, in which four base vectors including the current two (I, σ x ) and the other two base vectors σ y and σ z , if needed, will be the topic of another paper, because in this paper, the way to deal with quantum game is not our main topic. Here we just use the solution to compare with the entangled state solution in next section.
Entangled quantum game and the GES -Now we try to solve the equilibrium state in the most wider strategy space, in which a general state can be equ(11). As in [1] , we named it as Entangled Quantum Game because the strategy space permits a state without relation equ (2) . In fact, because in this game, both classical and quantum game use the same base vectors, it also can be named as Entangled Classical Game according to the rule we proposed in [1] . The payoff matrix of equ(12) have Global Equilibrium State (GES). The payoff matrix can be rewritten as
So the eigen-state with maximum eigenvalue is |BB + |SS when ǫ 1 is bigger and is |BS + |SB when ǫ 2 is bigger. And it's easy to know they are GES when ǫ 1 or ǫ 1 is larger respectively. So the equilibrium state is
Both of these states are entangled states between the players. This implies that an entangled strategy can win over both quantum and classical players.
An quantization of real BoS game -One might criticize our artificial quantized BoS on the same payoff matrix for player 1 and player 2, which makes the game not like a battle. Now we try to quantize the real BoS. The classical correspondence (equ(21)) of our artificial game is different with the well-know Battle of Sex, which usually is
Player 1's payoff matrix is different with the one of player 2. In this case, we introduce the quantized payoff matrix as 
This game takes BoS (equ(32)) as the classical correspondence. Still we can find the eigen-state with maximum eigenvalue of both H 1 and H 2 is
It's a GES. This means in a real BoS, using entangled strategy can make most payoff than any other strategies, whatever classical mixture strategy or quantum pure strategy. In fact, quantum versions of BoS has been analyzed by several authors [3, 4] . Especially in [3] , the authors proposed similar idea to discuss it in a Hilbert space of strategies, but not in the form of payoff matrix H i . The quantization proposed here seems a clearer picture, one manipulatable definition including a quantum object, operators acting on the quantum object and a measurement of state to determine the payoff value, and also another abstract definition as strategy space and payoff matrix H i .
Discussion -From the results above, we know solution in quantum strategy space includes solution in classical strategy space as special case, while solution in entangled strategy space beats quantum solution. At the first sight of the entangled equilibrium state, one might regard it as a natural result of the classical correspondence. Because, in the case of ǫ 1 > ǫ 2 , in some sense, the entangled equilibrium means they choose to stay together (|BB + |SS ). But the eigen-states of the classical correspondence, equ(21), are |BB BB| , |SS SS| , |BS BS| , |SB SB|. It's different with our GES, which has terms like |BB SS|. So it's totally a new phenomena in entangled game, which destroys direct product relation equ (2) . The problem left here is that is it only a toy game or it can be realized in quantum world. Because player 1 and player 2 have the same payoff function, it can be regarded as a system hamiltonian. This make it possible to realized it in an entangled two-particle system. The only task is to find a system with the same hamiltonian as equ (3) . Of course, there are two kind of realizations, one represents strategies by operators acting on a quantum object, another one represents strategies directly by states of a quantum object. The only thing we can say now is that by using the quantum object and operators proposed in this paper, it's possible to realized it in quantum strategy space, just like the quantum penny flip game. But is it possible to realize in entangle strategy space? How to entangle two operators, not the usual meaning as entanglement of quantum objects? The further question is if there is no GES in the game, how to find the equilibrium state defined in equ(8) and equ(9). In [1] , we proposed a pseudo-dynamical iteration process on the basis of Kinetics Equation in Statistical Mechanics, and use it to calculate the equilibrium state of classical game. It seems work well, although we are still pursuing a general proof. But still, we have no applicable algorithm for quantum game. Is it possible to generalize this approach into quantum game? About the definition of equilibrium state in equ(8) and equ(9), although the later is preferred by us, the answer depends on that if a general Nash-like Theorem can be proved.
